Let K/Q be a finite Galois extension. Let χ 1 , . . . , χ r be r ≥ 1 distinct characters of the Galois group with the associated Artin Lfunctions L(s, χ 1 ), . . . , L(s, χ r ). Let m ≥ 0. We prove that the derivatives L (k) (s, χ j ), 1 ≤ j ≤ r, 0 ≤ k ≤ m, are linearly independent over the field of meromorphic functions of order < 1. From this it follows that the L-functions corresponding to the irreducible characters are algebraically independent over the field of meromorphic functions of order < 1.
Introduction
Let K/Q be a finite Galois extension. For the character χ of a representation of the Galois group G := Gal(K/Q) on a finite dimensional complex vector space, let L(s, χ, K/Q) be the corresponding Artin L-function ( [2] , P. 296). It was proved in [5, Theorem 1] that the derivatives of any order of Artin L-functions to finitely many distinct characters of G are linearly independent over C. A more general result concerning linear independence over C of functions in a class which contains the Artin L-functions was proved in [4] .
For ε > 0 let Then G jk = 0, 1 ≤ j ≤ r, 0 ≤ k ≤ m. In particular, if A ε ⊂ B ε is a Csubalgebra with
As a consequence we have Corollary 8. The functions L (k) (s, χ j ), 1 ≤ j ≤ r, 0 ≤ k ≤ m are linearly independent over the field of meromorphic functions of order < 1. This extends the main result of [5] . Let χ 1 , . . . , χ h be the irreducible characters of the Galois group Gal(K/Q). In [5, Corollary 4] it was proved that the Artin L-functions L(s, χ 1 ), . . . , L(s, χ h ) are algebraically independent over C. This extended Artin's result [1, Satz 5, P. 106] that L(s, χ 1 ), . . . , L(s, χ h ) are multiplicatively independent. In Corollary 9 we prove that L(s, χ 1 ), . . . , L(s, χ h ) are algebraically independent over the field of meromorphic functions of order < 1.
Arithmetic Functions and Dirichlet Series
In this section we present some properties of Dirichlet series which are needed for the proof of the results on Artin L-functions in section 2.
For ε > 0 let
Lemma 1. Let (a n (σ)) n≥1 be a sequence of functions in (F ε \ V ε ) ∪ {0} such that there exists a function M : (1 + ε, ∞) → [0, ∞) with the properties:
(ii) For all a > 0 it holds that lim σ→∞ e −aσ M(σ) = 0.
Then (1) The series of functions
n σ is absolutely convergent on (1 + ε, ∞).
(2) If F (σ) is identically zero then a n (σ) is identically zero for any n ≥ 1.
Since the series
1 n σ−ε is convergent, it follows that the series
an(σ) n σ is absolutely convergent.
(2) We show inductively that a n is identically zero for any n ≥ 1. For n = 1 and σ > 1 + ε we have that
. From (2) it follows that
From (3) and hypothesis (ii) it follows that
Assume, by induction, that a 1 (σ), . . . , a k−1 (σ) are identically zero for some k ≥ 2. For σ > 1 + ε we have that
From (6) and hypothesis (ii) it follows that
is an arithmetic function of order O(n ε ), i.e. there exists C > 0 such that |f (n)| ≤ Cn ε , (∀)n ≥ 1 , then the associated Dirichlet series
It holds that the k-th derivative of F (s) is the Dirichlet series
Since the functions f j (n) have order O(n ε ), there exists a constant C > 0 such that
From (9), (10) and (11) it follows that
Also, since G j ∈ B ε , from (9) and (12) it follows that
hence the conditions of the Lemma 1 are satisfied. From Lemma 1 it follows that (13) a n (σ) = 0, (∀)n ≥ 1.
Since the functions f 1 (n), . . . , f r (n) are linearly independent over C, from (9) and (13) it follows that G j (σ) = 0, 1 ≤ j ≤ r, as required.
An arithmetic function f (n) is called multiplicative, if f (1) = 1 and
Two multiplicative arithmetical functions f (n) and g(n) are called equivalent (see [3] ) if f (p j ) = g(p j ) for all integers j ≥ 1 and all but finitely many primes p. Let e(n) be the identity function, defined by e(1) = 1 and e(n) = 0 for n ≥ 2. We recall the following result of Kaczorowski, Molteni and Perelli [4] . f 1 (n) , . . . , f r (n) be multiplicative functions such that e(n), f 1 (n), . . . , f r (n) are pairwise non-equivalent, and let m be a non-negative integer. Then the functions
Lemma 3. ([4, Lemma 1]) Let
are linearly independent over C.
such that e(n), f 1 (n), . . ., f r (n) are pairwise non-equivalent. Let
Proof. If follows from Lemma 3 and Theorem 2.
Proposition 5. Let f : C → C be an entire function of order ρ < 1 which is not identically zero. Let
Proof. Let ρ < λ < 1. There exists a constant C > 0 such that
Let a > 0 and σ > 1 + ǫ. We have that (14) f (s) = As
where m is the multiplicity of s 0 = 0 as zero of f , and s 1 , s 2 , . . . are the non-zero zeros of f . Let
It is known (see [6, Corollary 5.4] ) that there exists a stricly increasing sequence (r k ) k≥1 of positive numbers with lim k→∞ r k = ∞ and a constant B > 0 such that
Let a > 0. From (14) and (15) it follows that where Q jk are meromorphic functions of order < 1. It is known that a meromorphic function of order < 1 is a quotient of entire functions of order < 1. So we may suppose that Q jk are entire functions of order < 1. Let σ > 1 + ǫ. We have that 
by the identity principle for holomorphic functions.
Artin L-functions
Let K/Q be a finite Galois extension. It was proved in [5, Theorem 1] that the derivatives of any order of Artin L-functions to finitely many distinct characters of the Galois group are linearly independent over C. In our main result we extend this:
Theorem 7. Let K/Q be a finite Galois extension. Let χ 1 , . . . , χ r be r ≥ 1 distinct characters of the Galois group with the associated Artin L-functions
n s , j = 1, . . . , r be the Dirichlet series expansion of L(s, χ j ) in the half-plane Re s > 1. Since in Re s > 1 the function L(s, χ j ) is defined by an Euler product, the arithmetic function f j (n) is multiplicative. It is well known that for Artin Lfunctions, the function f j (n) is O(n δ ) for any δ > 0, hence O(n ε ). We show that e(n), f 1 (n), . . . , f r (n) are pairwise non-equivalent. For a prime number p which is not ramified in K, the value f j (p) equals the value of the character χ j on the Frobenius class associated to p. For distinct characters χ j and χ k there are, by Chebotarev's density theorem, infinitely many primes p such that f j (p) = f k (p), so the arithmetic functions f j and f k are not equivalent in the sense of section 1. Also, e(p) = 0 for any prime p, while there exist infinitely many non-ramified primes p with f j (p) = χ j (1) = 0, hence the arithmetic functions e and f j are not equivalent. We apply Corollary 4. Proof. Suppose that there exists a polynomial Proof. As in the proof of [5, Corollary 5] , it holds that ζ K j (s) = L(s, χ j , K/Q), j = 1, . . . , r, where K := K 1 · · · K r is the compositum of the fields K 1 , . . . , K r and χ 1 , . . . , χ r are distinct characters of the Galois group of K. We apply Corollary 8.
